Abstract. Propagation of solitary wave in dusty plasmas started to draw the attention of the physicists since the early 90s. The presence of superthermal particles seems to have a great impact on such waves, as they indicate the existence of nonthermal systems. It has been observed that the superthermal population is capable of altering the nature of the plasmas waves. In the present paper, the effect of the superthermal electron population on the dust ion acoustic solitary wave has been explored. The plasma is considered un-magnetized and composed of two components of superthermal electrons (of two distinct temperature) along with positive ions, and negative dust particles. A major part of the work has been concentrated on the stability of the solitary structures considering the effect of the superthermal parameter. In addition, the dust charge has been considered as a variable and a detailed analysis has been provided on the same. The proposed plasma model is most suitable for analyzing Saturn magnetosphere and can be extended to any space plasmas with superthermal population.
Introduction
In the early 1960, the space based observations [1, 2, 3] reported the presence of superthermal particles in the space and atmospheric environments. Plasma containing superthermal particles indicates its non-thermal equilibrium state. Such particles are usually found in low-dense (n ∼ 10 6 m −3 ), high temperature (T > 10 5 K) conditions in space, where, the binary collision of the charged particles is sufficiently rare [4, 5] . Solar wind is the first, and till now the only stellar outflow that has been measured in-situ, revealing important information about the existence and generation of these superthermal particles. These particles are observed to have a strong influence in waveparticle interactions, and solar events. There are planty of astrophysical phenomena where, superthermal particles (ions and electrons) are found in great abundance providing ample information about their origin.
The velocity distribution function (VDF) of the superthermal particles is observed to be quasi-Maxwellian within the limit of mean thermal velocity. However, at higher velocities it becomes non-Maxwellian [4, 5, 6] . The generalized Lorentzian or kappa distribution function is very much convenient to represent such VDFs as it fits both thermal as well as superthermal part of the velocities. The kappa distribution function is characterized by a parameter κ, known as the spectral index, which represents the degree of superthermality. The distribution function was formulated by Vasyliunas [1] and is expressed as, .
Here, θ s is the effective thermal velocity of the plasma species s and is expressed by θ 2 s = (1 −
κ)v 2
Ts , where v Ts = T s / m s . m s and v s are the mass and velocity of the particles with characteristic kinetic temperature T s (the temperature of the equivalent Maxwellian with the same average kinetic energy). n s0 is their equilibrium number density. Γ(x) is the Gamma function. In the limit κ → ∞, the distribution converges to the Maxwellian distribution. Small value of κ indicates the population of highly superthermal particles.
It has been observed that the presence of superthermal particle brings a remarkable change in the nature of the waves in the plasma [7, 8] . The data from the instruments onboard Cassini (CAPS/ELS (0.6 eV to 26 keV ) and MIMI/LEMMS (15 keV to 10 M eV )) reported the presence of two components of superthermal electrons with two distinct temperatures in Saturn magnetosphere [9] . In addition, one of the components is found to be less superthermal than the other. The present study aims to investigate the nature of nonlinear structures in the presence of such superthermal electrons and thereby understanding the dynamics of plasma waves in such systems.
Another salient feature of the present work is to incorporate the discrete dust charging model to verify the dust charging condition [10] . The incorporation of dynamic dust charging is extremely important since the presence of charged dust significantly affects the dispersive properties of ion acoustic waves [11, 12, 13] . Moreover, the presence of charged dust grains introduces new and different kinds of low frequency wave including dust ion acoustic waves (DIAWs) [14, 15] , dust acoustic waves (DAWs) [15, 16, 17] etc. Shukla, and Silins [18] work on dust ion acoustic waves in un-magnetized plasma involves highly charged dust particles with the consideration of constant dust charges. However, such assumption becomes ineffective in a realistic situation. Nejoh [19] pointed out that the dust charge variation affects the characteristics of the collective motion of the plasma particles. In a similar note, Melandsø [20] also mentioned that a phase difference between the dust charge variation and the wave can lead to strong damping of the wave. Present study checks upon such assumptions where superthermal particles are found.
One of the most common nonlinear structures supported by dusty plasma is soliton. Under suitable environment, dusty plasma can support dust ion acoustic (DIA) and dust acoustic (DA) soliton. A soliton is a special kind of solitary wave which preserves its shape and size even after the interaction. The balance between the nonlinearity and dispersion leads to the formation of these stationary, localized structures. In the absence of dispersion, or if the dispersion fails to compete with the nonlinearity, the amplitude would grow and accelerate, eventually leading to wave breaking. In this case, the peak overtakes the trough, and the wave becomes multiple valued [21] . On other hand, in absence of nonlinearity, the amplitude would gradually decay, eventually leading to wave damping, or the wave gradually disperses away.
The present work intends to explore the existence and nature of solitary waves in dusty plasma containing two components of superthermal electrons along with positively charged cold fluid ion and negatively charged dust. The standard KdV equation for the system has been derived using the reductive perturbation method [24] in order to develop a stationary solution of soliton structure. The stationary solution is considered as the initial solution for the temporal evolution of solitary structure. The effects of superthermal particles on the temporal evolution of different parameters of the soliton are given major importance in the present study.
This paper is organized as follows. The basic equations and modeling are presented in section 2 along with the detailed analysis of self-consistent dust charge variation, derivation of KdV equation, and linear wave analysis. The numerical methods and parameter details are provided in section 3. The results and discussions are provided in section 4. The work is finally concluded in section 5.
Theoritical formulation
For nano-sized dust particles, the dust to ion mass ratio [22] is typically of the order of 10 3 − 10 4 . Under such situations, the phase velocity of the DIA wave is found to be higher than the dust and ion thermal velocities. Therefore, consideration of the ion and dust particles as cold fluids is quite justified. In addition, the effect of gravitational force acting on the dust particles can be easily neglected due to the size. The plasma under study is unmagnetized and periodic in nature. Hence, the modeling has been performed in one-dimension. The set of governing equations for the system can be written as,
The number densities of ion and dust are n i and n d with their respective velocities are v i , and v d . m i , and m d are the masses of ion and dust. z d represents the number of dust charge. e is the usual electric charge, and φ is the electric potential.
The two components of the superthermal electron are assumed to follow kappadistribution. To distinguish these electron components, they have been termed as hot and cold based on their temperature. The densities of the superthermal electrons can be derived by performing volume integration of the generalized Lorentzian or the kappa distribution function (equation (1)) and formulated as,
Here, n ec and n eh are the densities of the cold and hot components of electron with their equilibrium densities n 0c , and n 0h . Their respective spectral indices are symbolized by κ c , and κ h , and their temperatures are T ec , and T eh in energy scale. The electron density has been considered as ∼ 10 5 m −3 . The temperatures for the cold and the hot components of electron are taken as T ec < 100 eV and T eh ∼ 100 eV − 10 keV . The formulation has been adapted from few earlier works [4, 5] .
Equations (2) - (8) have been normalized with appropriate parameters as below,
where, s indicates individual charged species. Therefore, N ec , N eh ,N i , and N d are the normalized densities of cold electron, hot electron, ion, and dust. The normalized velocities of those species are respectively V ec , V eh , V i , and V d . The normalized potential is denoted by Φ. ζ, andτ are the normalized length and time. The velocities are normalized with the dust acoustic velocity (C d = T ef / m d ). The system length and time are normalized by dust Debye length (λ Dd = 0 T ef / (z d0 n d0 e 2 )) and inverse dust plasma frequency (ω
e 2 )) respectively. T ef is the effective temperature of the electrons and is given by T ef = T ec T eh / (µ c T eh + µ h T ec ). z d0 is the equilibrium dust charge number. After normalization, equations (2) - (8) can be written as,
where, δ is the ion to dust mass ratio (m i / m d ). µ c and µ h are the normalized equilibrium electron densities and µ = Z d0 n d0 / n i0 is the normalized equilibrium dust density. σ c (= T ef /T ec ) and σ h (T ef /T eh ) are the temperature ratios of the superthermal electrons. To study the DIA solitons in presence of variable dust charge and no-depleted free electrons [23] , Z d must be reconstructed with the help of the dust charging equations.
Self-consistent dust charge variation
The dynamic dust charging brings a new level of complexity to the system. The charging process is a combination of both electron and ion current; however, there are situations where one might dominate over the other. The charging of dust grains is considered to follow the equation below,
Here, I ec , I eh and I i are the cold electron, hot electron, and ion current respectively. In the absence of other effects, due to the higher mobility, electrons will reach the dust grain surface faster than ions and thereby leading to the generation of a negatively charged dust grain population. The dust charging time is of the order of tens of nanosecond while the characteristic time for dust motion is of the order of tens of milliseconds. Thus, on a hydrodynamic time scale, the dust charge can quickly reach local equilibrium. The current balance equation can be written as,
Assuming the streaming velocities of electrons and ions much smaller than their respective thermal velocities, based on OML theory [24] one can express the electron and ion current for spherical dust grain with radius r d . Moreover, here the electron species considered are superthermal in nature. Hence, the electron and ion currents [25, 26] can be expressed as,
Here, η is the dust grain surface potential relative to the plasma potential Φ. v Tec and v T eh are the thermal velocities of the corresponding electron components. The other charging processes such as, secondary emission, photoemission, are considered to have negligible contribution in dust grain charging. Moreover, in the present scenario, the ion current is extremely small in comparison to the electron current [27] , i.e., I i I ec , I eh . The assumption has been verified using the discreet charging model of dust developed by Chunsi et al. [10] . It has been depicted in figure 1. The figure in the LHS shows the dominance of electron current for the charging of dust over a time of 0.21 seconds following discrete charging model in the presence of superthermal electrons (κ c = 7, T ec = 10 eV , µ c = 0.5). The figure in the RHS represents the charging of the dust grain inpresence of Maxwellian electrons. The blue and red dots represent electrons and ions respectively. Hence, it is reasonable to drop the ion current contribution from the current balance equation (17) . The equation then becomes,
Finally, from equations (18)- (21),
where ψ = eη / T ef . Equation (22) is important in determining the dust charge Q d , which relates to the dust grain surface potential by η = Q d / C. The capacitance of the spherical dust grain in a plasma can be expressed as,
Hence, the normalized dust charge becomes, Z d = ψ / ψ 0 , where, ψ 0 = ψ (Φ = 0) is the dust charge floating potential with respect to the unperturbed plasma potential. ψ 0 can be determined by solving the following polynomial, 
where,
, and
. ψ 0 will have two roots with positive and negative value. However, for negatively charged dust, it is always negative. Hence, only the negative values have been taken under consideration. The expression for variable dust charge, Z d now can be implemented to derive KdV equation for the system.
Derivation of the KdV equation
To study the dynamics of the finite amplitude DIA wave, the KdV equation can be derived from equations (9) - (15) by employing the reductive perturbation technique [24] . The stretched coordinate used here are, ξ = 1/2 (ζ − Mτ ) and τ = 3/2τ , where is the smallness parameter measuring the weakness of the amplitude and M is the speed of the solitary structure. The variables N s , V s , Φ, and Z d can be expanded about the unperturbed states in the power series of as,
Here, s is used to indicate individual charged species. Therefore, N (0) s = 1, for ion and N (0) s = µ, for dust. After transformation and taking a first order approximation, the equations (9) -(13) become,
Here,
The expression for M represents the linear dispersion relation for DIA waves. The presence of the fluctuating dust charge significantly modifies the relation. To derive the KdV equation for the given system, the expressions with the next higher order in are taken into account,
Here, P 2 = µ c σ 2 c (4κ
2 , and
) with β 2 = P 2 ϑ 1 + Q 2 ϑ 2 . By using equations (26) - (31) and eliminating all the second-order terms, the standard KdV equation is derived,
where,Ψ ≡ Φ (1) , and a, b represent the nonlinear coefficient, and the dispersion coefficient respectively and are expressed as,
The stationary solution of equation (32) is
where, χ = 3U/a, ∆ = 2 b/U are the amplitude and width of the soliton and U is the velocity. Equation (34) Following the same procedures, the KdV equations for the ion and dust number density are derived. By dropping the power (1) from the equations for simplicity [13] (i.e., assuming N 
The solution of equation (35) and (36) takes the following form,
The linear wave analysis
The general dispersion relation for the electrostatic wave in a plasma consisting of kappa-distributed species [11] can be written as,
where, s represents the cold (ec) and hot (eh) components of electron, ions (i), and dust particles (d) respectively. ς s = ω/(kθ s ) (for superthermal particles), and ω/(kv s ) (for Maxwellian particles), are the normalized complex wave phase velocities of species s. Here, ω = ω r + iγ is the complex angular frequency, and k is the wave number. Z (κ s ; ς s ) is the derivative [7, 11] of the modified plasma dispersion function Z(κ s ; ς s ) with respect to ς s , and is expressed as
Here, 2 F 1 is the Gauss Hypergeometric function [28] . In the limit, κ s → ∞, Z(κ s ; ς s ) reduces to the usual plasma dispersion relation Z(ς) introduced by Fried and Conte [29] . On the dust ion acoustic time scale, ς d , ς i 1, and ς ec,eh < 1. Hence, using the asymptotic expansion for dusts and ions, and the power series expansion for electrons, the dispersion relation can be written as,
(41) Here, λ D = 0 T ef /n i0 e 2 is the effective Debye length and ω pi = n i0 e 2 / 0 m i is the ion plasma frequency. The spectral index and effective thermal velocity becomes κ i → ∞, and θ i → T i respectively. Separating the real and imaginary part of the equation (41), the dispersion relation of the given system as well as the growth/ damping of the DIA wave can be determined. Therefore, the real part of equation (41) 
For weakly damped or amplified wave, assuming |γ| ω r the damping or growth rate can be expressed as,
Here, σ i = T ef /T i . The growth or damping rate can be estimated by plotting the dispersion curve (kλ D − |γ|/ω pi ). The solution of the imaginary part of the dispersion relation (equation (41)) will be helpful to understand whether the wave is amplified or damped. A positive γ indicates an exponentially growing wave whereas a negative γ stands for the damping [30] .
Numerical method and parameter details
The evolution of the solitary wave is observed by numerically solving the equation (32) using Fourier Spectral method [31] with an initial solution, (3U/a) sech 2 (ξ − U τ ) U/2b (equation (34)). The approach has been adapted from the work of Mishra et al. [32] , which has been found to be an efficient way to evaluate solitary wave propagation. The time interval has been taken as dτ = 5 × 10 −4 . The boundary is considered periodic. For potential the following parameters have been used, κ c = 7, κ h = 10, T ec = 10 eV , T eh = 100 eV , δ = 10 −3 , µ = 0.007, µ c = 0.5, and µ h = 0.493. For the evolution of the dust density the parameters have been kept alike. However, for dust density, the parameters are also varied separately. Details have been provided in their respective sections (section 4).
Results and discussions
Solitons are the result of the balance between the forces that control the dynamical evolution of a nonlinear system. However, the presence of superthermal particle may alter the dynamic behavior of such nonlinear system. To investigate the effect of superthermal parameters, the nonlinear and dispersion coefficients of the governing equation have been evaluated. In figure 2 , the top figure depicts the behavior of the nonlinear coefficient while the bottom represents the behavior of the dispersion coefficient. It has been observed that the plasma can support both compressive and rarefactive soliton depending upon the spectral indices and the concentration of the superthermal species. For superthermal electrons (κ c = 7.0, κ h = 10.0), there is a range of densities (µ c = 0.01 − 0.35) within which the solitons will be rarefactive and beyond will be compressive. Only compressive solitons are observed in plasmas containing non-superthermal electrons (κ c = 100.0, κ h = 100.0).
From equation (32), it is clear that the amplitude of the soliton is inversely proportional to the nonlinear coefficient. The presence of non-superthermal electrons in the plasma initially reduces the amplitude of the soliton for lower values of µ c , and then raises it up for higher values. However, for superthermal electrons, the variation in amplitude with the values of µ c is different for the different modes of polarity (solid line, figure 2 ). With the increase of the spectral indices the amplitude of the soliton would increase, regardless the densities of different electron population.
The figure at the bottom panel represents the variation of dispersion coefficient with cold electron concentration for the aforesaid two sets of spectral indices. Since, the dispersion coefficient is directly proportional to the width of the soliton, one can understand the variation of the width of the soliton with different values of κ c , κ h , and µ c . On the increase of the spectral indices, the width of the soliton increases, however, it decreases with an increase in µ c . It is to be mentioned that the temperature for the cold and hot components of electron are considered as T ec = 10 eV , and T eh = 100 eV .
In figure 3 , the solution of the solitary wave, reiterates the fact of soliton structure as it propagates throughout the medium mantaining its shape and size. However, the impact on individual species, sometimes is overshadowed by the potential. Since, the potential contains the information of density as well as the velocity of each species, it is not appropriate to come to a conclusion about the nature of the solitary wave by observing an undisturbed or perfectly propagating potential profile. Solving the same for ion density, the propagation of initial perturbation is also observed to be unaffected.
Similarly, solving the KdV equation for the dust density with an initial density perturbation (equation (36)) has been shown in Figure 4 . Varying different parameters like spectral index, temperature ratio, and density ratio, it has been observed that the density profile cannot hold its shape and size while propagating, and is gradually damped. To extract the physics behind this anomalous behavior, the effects of different superthermal parameters on the dust density have been explored ( figure 5 -9) .
In figure 5 the evolution of dust density for Maxwellian electrons is depicted. The effective way of doing so is to consider the spectral indices as κ c = 100, and κ h = 100. For non-superthermal or Maxwellian electrons, it is perceived that, though the solitary wave initially splits up to multiple solitons, but with the passage of time, it regains its initial structure. It clearly indicates that the presence of superthermal particle in a plasma can drustically alter the nature of solitary waves in plasmas.
The density ratio of the superthermal electrons also may influence the nature of the proposed wave. In figure 6 and 7, the space-time evolution of the dust density pertubation is observed by varying the concentration of the superthermal electrons. In the particular study, two different values of µ c have been considered for two different cases. For the first case, µ c = 0.1 (figure 6), while for the second case, µ c = 0.9 ( figure  7) . The other parameters are kept same as the initial study ( figure 4) . From both the figures, it has been observed that the initial perturbation to the system gets disturbed. Hence, it can be inferred that the concentration of the electrons have played a significant role on the aberrant nature of the solitary wave. For higher concentration of the cold electron component, more number of peaks have been observed in the wave. Hence, the presence of large number of cold superthermal electrons in the plasma provides more disturbance to the dust density. Besides, it is also to be noted that there is a lower limit of µ c for an undamped propagation of the potential. For a plasma with moderately superthermal electrons, the lower limit is found to be 0.3. The value highly depends on the associated parameters like spectral index and temperature ratio. However, there is no upper bound for µ c . In fact, in the absence of the hot component of the electrons, the initial potential perturbation remains invarient with the passage of time.
The effect of two temperature electrons on the dust density is found quite interesting [9]. To put things in perspective, three different cases have been studied to analyze the space-time evolution of the dust density perturbation (figures 4, 8, 9) . In the first case, the minimum temperature for both of the electron species (T ec = 10 eV , T eh = 100 eV ) have been considered (figure 4). In the second case, the maximum temperatures for the electron species (T ec = 100 eV , T eh = 10 keV ) have been considered (figure 8). In the final case, the electrons have been assumed to be of equal temperature (T ec = T eh = 100 eV ) ( figure 9 ). The other parameters are kept same as the initial study ( figure 4) . From the figures, it is quite clear that the density perturbation does not have the ablity to maintain its shape and size with the passage of time in all the three cases. However, for electrons with equal temperatures, it has been observed quite relaxed in comparison to other cases. To justify the remarks obtained from the nonlinear analysis of the plasma waves, a linear analysis has been performed with the help of dispersion curves. The dispersion curve kλ D − ω r /ω pi is shown in figure 10 for two different sets of values of κ c , and κ h . From the previous studies, it has been observed that the spectral indices play a vital role in the damping of the wave. Hence, in this part of exploration, one component of the electrons have been considered as superthmal (κ c = 7.0, κ h = 10.0), while the other as Maxwellian (κ c = 100, κ h = 100). The other parameters are kept same as the initial study ( figure 4) . From the figure, it has been observed that the phase velocity of the wave increases with the increase in the values of the spectral indices of the electrons. This variation is more prominent in the short wavelength region. However, for kλ D 10, the phase velocities of the waves become inseparable.
The damping or growth in the wave can be proved by solving the linear dispersion relation (equation (40)). In figure 11 , the damping of the wave is plotted against the wave number by assuming the same set of spectral indices as mentined earlier. The figure reflects a comparison between the damping of the plasma waves with higher superthermal electrons (blue line), and with Maxwellian (red line) electrons. The damping in the first one is found to be greater than the sencond one. Remarkably, this behavior is analogous to the conclusions extracted from figure 4 figure 5. Thus, the outcomes are firm enough to justify the aforementioned studies and their conclusions.
The phase difference between the dust charge variation and the plasma wave is supposed to lead to a strong damping of the wave [20] . Therefore, to check whether the dust charge variation is responsible for this aberrant nature of the proposed DIA wave, the KdV equation for dust density with fixed dust charge is derived. By solving the equation, it has been perceived that the initial perturbation to the dust density is disturbed similar to the ealier cases. Thus, it can be concluded that the self-consistent dust charging is not wholely responsible for the damping of the dust density in a plasma containing superthermal electrons. However, considering dust charge as a variable makes the model more realistic compared to the fixed one.
Conclusions
The influence of superthermal electrons on the propagation of Dust Ion Acoustic solitons is studied by numerically solving the KdV equation. The steady state solution of the KdV equation is used as an initial perturbation in the time dependent study. It has been observed that both the potential and ion number density can sustain the shape and size of the initial perturbation, while the dust density behaves differently.
The propagation of the solitary wave of the dust density is examined for different values of the superthermal parameters. It has been observed that the presence of superthermal electrons accelerates the damping of the wave. The dust density is also sensitive to the cold electron concentration in the plasma. More the number of cold electron component, more is the disturbance in the initial perturbation. Other than that, it also responds strongly to the temperature ratio of the electrons. Superthermal electrons with equal temperature results in a quite relaxed density profile. In summary, the presence of superthermal particles significantly alter the nature of the waves in the dusty plasmas.
The dispersion of the wave frequency and damping rate with the wave number seems to bring another perspective to the present theory. The presence of superthermal electrons appears to have larger role in the wave damping process.
Irregardless of the assumption of Dust Ion Acoustic plasma mode, the observations are found to follow Dust Acoustic mode. Since ions are not responding to the superthemal parameters, it is believed, one can have the same results with the DA assumption instead of DIA.
The results obtained from the present investigation would be helpful in understanding the nonlinear structures in space dusty plasma like Saturn magnetosphere.
